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Abstract 

For an operator ideal A, we study the composition operator ideals 
AoJC, KoA and /Co^o/C, where K is the ideal of compact operators. 
We introduce a notion of an ^-approximation property on a Banach 
space and characterise it in terms of the density of finite rank operators 
in A o K and KoA. 

We propose the notions of ^-extension and ^i-lifting proper- 
ties for an operator ideal A and study A o K, KoA and the A- 
approximation property where A is injective or surjective and/or with 
the ^-extension or ^i-lifting property. In particular, we show that if 
A is an injective operator ideal with the ^-extension property, then 
we have: 

(a) X has the ^4-approximation property if and only if 
(A min ) mj (Y, X) = A min (Y,X), for all Banach spaces Y. 

(b) The dual space X* has the ^.-approximation property if and 
only if ((A dual ) min y ur (X,Y) = (A dual ) min (X,Y), for all Banach 
spaces y.For an operator ideal A, we study the composition operator 
ideals A o K, 
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1 Introduction 

It is well known that a Banach space Y has the approximation property if 
and only if, J-(X, Y) = )C(X, Y) for all Banach spaces X. Similarly, the 
dual X* of a Banach space X has the approximation property if and only 
if T(X, Y) = K,(X, Y) for all Banach spaces Y. However, in general for a 
pair of Banach spaces X and Y, T(X, Y) ^ K(X, Y), whereas T(X, Y) in i = 
K(X,Y) = T(X,Y) sur . In the language of operator ideals ~T %nj — JC — 
J 7 . In this language it may be stated that a Banach space X has the 
approximation property if and only if 

T nj (Y,X) = T(Y,X) 

for all Banach spaces Y and the dual space X* has the approximation prop- 
erty if and only if 

T ur (x,Y) =T(X,Y) 

for all Banach spaces Y. 

In the papers |8] , the authors introduced a class of operator ide- 
als JC P , (1 < p < oo) of compact operators whose adjoints factor through 
specific subspaces of l p and showed that (Tl p min ) inj = ¥L d v ual = Ii p o K and 
((Yl p dual ) min ) sur = Kf al dual = K o U p dual , where n p is the operator ideal of 
p-summing operators. (In the limiting case BofC = fCoB = fC holds trivially 
and also we have B min = J 7 .) Further, in [8] they introduced a notion of 
the approximation property of type p (related to the operator ideal n p ) and 
proved that a Banach space X has the approximation property of type p if 
and only if 

(n™ m H(r, x) = nf n (Y, x) 

for all Banach spaces Y . Similarly, the dual space X* has the approximation 
property of type p if and only if 

{{ji d p ual ) min y ur (xx) = {u dual y nin {x,Y) 

for all Banach spaces Y. 
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The above discussions brings to sharp relief the need for the following: 

(I) To study the composition operator ideals A o K, and fC o A, and also, 
in general, /C o A o K. which we denote by A com as the compact level objects 
related to an operator ideal A, and 

(II) To introduce an approximation property related to an operator ideal A 
so as to extend the above mentioned characterizations of the approximation 
property to the operator ideal setting; namely, to study the density of finite 
rank operators in the relevant compact level of the operator ideal in the 
corresponding ideal norm. 

These are the twin objectives of this paper. 

In Section 2, we introduce the kernel procedure com : A — > K, o A o /C for 
a general operator ideal A. We discuss the interplay of this procedure with 
the standard procedures of operator ideal theory. 

The next two sections are mainly preparatory in nature. Section 3 is of 
independent interest wherein we look closely at the definitions of injective 
and surjective operator ideals. We show that the composition of two injective 
(surjective) operator ideals is again injective (respectively, surjective). 

In Section 4 we introduce two properties, namely, the Zoo-extension and 
the /i-lifting properties of operator ideals. These are weaker than the exten- 
sion and lifting properties that characterise left and right projective operator 
ideals [TJ Ex. 20.6]. We show that many injective and surjective operator 
ideals possess these properties. We prove that if A\ has the /^-extension 
property, or if A2 is injective, then (A\ o *4. 2 ) mj = A\ n ^ o A^ and a similar 
result involving the surjective hull and the Zi-lifting property is also proved. 
We show that the composition of two operator ideals both having the Zoo- 
extension (Zi-lifting) property also has the same property. The duality of 
these two properties for an operator ideal A and its dual A dual is also stud- 
ied. 

In Section 5 we investigate the interplay of the kernel procedure 'com' 
with the hull procedures 'inj' and 'sur\ We show that if A is left accessible, 
then 

^comynj _ ij^min\inj — Q J\inj 

On the other hand if A is right accessible and has the Zoo-extension property, 
then we have 

Dual results for surjective operator ideals and for operator ideals with the 
Zx-lifting property are also obtained. 
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In Section 6, we introduce a notion of an approximation property related 
to an operator ideal A, namely the A- approximation property and prove that 
a Banach space X has the ^-approximation property if and only if 

F(X,Y) aK =AoK(X,Y), 

where a K is the composition ideal norm of AolC. Similarly, the dual X* has 
the ^.-approximation property if and only if 

F(X,Y) Kad = K o A dual (X, Y), 

(under certain conditions on A), where K a d is the composition ideal norm of 
K oA dual . 

At the end of the section we study the A- approximation property on a 
Banach space when A is injective with the ^-extension property or surjec- 
tive. In fact, we show that if A is left accessible injective operator ideal with 
the ^-extension property, then a Banach space X has the A- approximation 
property if and only if 

(A min ) inj (Y,X) =A mm (Y,X), 

for all Banach spaces Y. The dual space X* has the ^-approximation prop- 
erty if and only if 

for all Banach spaces Y. 

We also show that if A is a right accessible, surjective operator ideal, then 
X has the ^.-approximation property if and only if 

(A min ) sur (Y,X) =A mm (Y,X), 

for all Banach spaces Y. The dual space X* has the .A-approximation prop- 
erty if and only if 

^j^dualyriin\jinj ^j^dualynin 

for all Banach spaces Y. 

Before we close the section we take a quick look at some notations. For 
a Banach space X, kx '■ X X** is the natural canonical embedding, and 
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in case X is complemented in its bidual X**, Px ■ X** — > X shall denote 
the resulting projection. For the closed unit ball B x of X, q x '■ h(B x ) — > X 
denotes a usual quotient map and %x • X '—^ looifix*) is the natural Alouglu 
embedding. We denote by B, /C, T and by i7 p , X p and J\f p , for 1 < p < oo, the 
operator ideals of bounded, compact, approximable, p-summing, p-integral 
and p-nuclear operators respectively. 

We have avoided routine discussions on norms of operator ideals and that 
of their compositions at several places in the body of the paper. 

2 The procedure 'com' 

We begin by formally assigning a symbol to /C o A o K, for an operator ideal 
A. 

Definition 2.1 Let A be any quasi normed operator ideal. The composition 
quasi normed operator ideal fC o A o K shall be denoted by A com , where K is 
the operator ideal of compact operators. 

It is easy to note that the procedure com : A — > A com is monotone. Also 
as /C is an idempotent ideal, com is an idempotent and a kernel procedure. In 
this section we discuss some basic facts regarding the procedure com as well 
as its interplay with other important procedures in the theory of operator 
ideals . 

Let us recall the definition of a minimal kernel A mm of an operator ideal A 
as the composition operator ideal J-'oAo J 7 , and the corresponding procedure 
min : A — > A mm [SI Section 4.8]. To begin with we consider the interplay of 
min and com. Since, J r o/C = /CoJ r = J r , we have 

Proposition 2.2 (A min ) com = (A com ) min = A min . 

Remark 1 Though A mm C A com , these are not equal in general. For in- 
stance, if B is the ideal of all bounded linear operators, then B com = fC and 
B mm = T and /C ^ J. However, in many cases A mm = A com and we shall 
come across some such cases in the paper. 

Remark 2 We recall the definition of the maximal hull A max of an operator 
ideal A and the corresponding procedure max : A —> A max Section 4.9]. 
Since A min C A com C A and since (A min ) max = A max , we may conclude that 
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^com^max = j^max Algo ag ^ C J^aax ^ wg ggt Jcom <_ ^maxjcom However, 

these in general are not equal; for A = J 7 , we get T com = T (for T = A min ) 
and (T max ) com = B com = /C so that T com ^ (T 



■ max \coui 



Let (A, a)be a quasi-Banach operator ideal. For Banach spaces X Y, an 
operator T E B(X, Y) is said to be in A reg (X, F), if Ky o T E B{X, Y**) and 
a re9 (T) := a(ny o^) (BJ Section 4.5]. Now, (A reg , a reg ) is a quasi-Banach 
operator ideal containing A, the procedure A — >■ ^4 r69 is a hull procedure and 
./I/" 69 is called the regular hull of *4. We now consider the interplay of reg and 
com. 

Proposition 2.3 /C o (A reg ) = )CoA. In particular, (A reg ) com = A com . 

Proof. First note that A C A reg , so that K. o A C K. o A reg . Next, let 
T E K.oA re9 (X, Y) for some Banach spaces X and Y. Then there is a Banach 
space Z and operators U E K,(Z, Y) and S E A reg (X, Z) such that T = UoS. 
Thus k^S 1 E A(X, Z**). As [/ is compact we get that U** is compact with 
U**(Z**) C k y {Y). Thus we can find V E )C(Z**,Y) such that K y oV = U**. 
Since Ky is an isometry and KyoJJ = U**okz = Ky°V ° ^z, we may conclude 
that U = V o k z . Now it follows that T = UoS = Vok z oSeK,o A{X, Y), 
so that K o (A reg ) =)CoA. Consequently, (A reg ) com = A com . A 



Remark 1 Trivially, A com C (A com ) reg '. However, „4 com ^ (i com ) re 9. In fact, 
for ^4 = X, the ideal of all integral operators, we have X com = Af, the ideal of 
all nuclear operators; and (x com ) reg = J\f reg ', but X com = M is not regular. 
Remark 2 A striking difference in the behaviour of J 7 and K. in composition 
is now evident. Indeed, J z oX = J r oXoJ r = J\f = XoJ r : but as M is not 
regular, K oX = K oX o K = M ^ M reg = XoK % Theorem 2.1]. 

Let (A, a) be a quasinormed operator ideal. For Banach spaces X, Y 
and operator T E B(X,Y) is said to be in A dual (X,Y) if T* E A(Y*,X*) 
and a dual (T) = a(T*) [6, Section 4.4]. Now, (A dual , a dual ) is a quasinormed 
operator ideal and is called the dual of A. The following observation, which 
are routine in nature, shall be frequently used in the paper: For an operator 
ideal A we have 

1. A U t A*«» Wu «' c ^l re9 ; and 

2. Ac A dualdual if and only if A dualdual = A reg . 
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Next, we study the interplay of the procedures com and dual. We note that 
for any operator ideal A, we have 



^^dual^com ^— ^^com^dual 

But in general, these are not equal; for instance, the ideal of X of integral 
operators, X = l dual and (T dual ) com = l com = M ^ N dual = (Z com ) dual . 
However, 

Proposition 2.4 For an operator ideal A, with A C j[ dualdual ^ W e have 

r^com^dual ^j^dual^comyreg 

Proof. Let T G (A com ) dual (X,Y), for Banach spaces X and Y. Then 
T* G A com (Y* , X*). There exists Banach spaces Z\, Z 2 and operators U G 
JC(Z 2 ,X*), V G £(Y*, Zi), S G A(Z U Z 2 ) such that T* = U o S oV. Since 

^ c Jdualdual^ we get E J^ual^* y Z X *) SO that T** = V* O S* O U* £ 

( A duaiyom( X *^ Y **). It follows that K Y oT = T**OK X = V*oS*oU*ok x G 
(^l duai ) com (X, F*), whence T G ((.A*"*)"™)'^. Now (^com^az being regular, 
the result follows. A 



3 Injective and surjective operator ideals - A 
revisit 

For every quasinormed operator ideal (A, a), there is a smallest injective 
operator ideal A in i containing A. For Banach spaces X, Y and the natural 
Alouglu embedding i Y : Y ^ ^(By*), an operator T G i3(X, F) is in A mj 
if and only if i Y o T G A with a inj '(T) :=a(i y oT). The ideal (A inj , a inj ) is 
a quasinormed operator ideal [SI Section 4.6]. The procedure A — > A m ^ is a 
hull procedure and A m ^ is called the injective hull of A. The operator ideal 
A is said to be injective if A m ^ = A. 

First of all we give an interesting and useful characterization of injective 
operator ideals. 

Definition 3.1 An operator ideal A is said to have the restricted range prop- 
erty (RRP, for short), if for arbitrary Banach spaces X, Y and T G A(X, Y), 
we have T G A(X, R(X)). Here R(X) is the range of T in Y and 
f(x) = T(x) for all x G X. 
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Lemma 3.2 An operator ideal A is injective if and only if it has the re- 
stricted range property. 

Proof. It follows from [6j Proposition 8.5.4] that an injective operator ideal 
has the RRP. 

Conversely, let A have the RRP. Let T G A m ^{X, Y) for some Banach 
spaces. Then iy o T G A(X,1 00 (By*))- Since A has the RRP, we have 
Xi G A(X, i Y o T(X)), where T\(x) = iy oT(x), x G X. As iy is an isometry 
and as T(X) C Y we may obtain an isometry J : o T(X), Y) given by 
J (^y ° T(x)) = Tx, x G X. Now J o T x (x) = Io(i y ° = T(x) for all 

x G X. In other words, T = I o Ti G -4(X, y) so that „4 is injective. A 

Theorem 3.3 If Ai and A2 are injective operator ideals, then so is AioA 2 - 

Proof. Let T G (Ai o A 2 ) inj (X,Y) and let / : Y Z be an isometry for 
some Banach spaces X, V and Z. Then JoT G (*4i o„4. 2 )(X, Z). Thus there 
exists a Banach space W and operators U G A\{W,Z) and V" G *4.2(X, W) 
such that I o T = U o V . Since *4. 2 being injective has the RRP, by using 
the ideal property of A\ we may assume that W = V(X). Next, we set 
U : V{X) -> y by [/o(yx) = Tx, for all X G X. If yx = for some 
x G X, then I o T(x ) — U o V(x ) = 0. Since J is an isometry we conclude 
that Tx = 0. Thus Uq is a well defined linear map. Also 

\\U (Vx)\\ = \\Tx\\ = \\Io(x)\\ = \\UoV(x)\\ < \\U\\\\Vx\\, 

for all x G X, so that £/q G i3(y(X),y). Thus we can extend Uq to Z7i G 
B{W,Y). Now 

/ o [^(Vx) = / o T(x) = [/(yx), /or allxeX 

so that [/ = / o U\ G «4i(W, Z). As is injective, we conclude that U\ G 
A l {W,Z). It follows that T = U x o V G {A l o A 2 ){X,Y). In other words 
Ai o „4 2 is injective. A 

Remark If A is an injective operator ideal then so are K. o A and A o /C. In 
particular, A com is injective whenever A is so. 

For every quasinormed operator ideal (A, a), there is a smallest operator 
ideal A sur containing A. For Banach spaces X and Y , an operator T G 
B(X,Y) is in ^l sur if and only if T o q x G .A with o/ ur (T) := a(T o ?JC ). 
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The ideal (A sur , a sur ) is a quasinormed operator ideal [21 Section 4.7]. The 
procedure A —> A sur is a hull procedure and A sur is called the surjective hull 
of A. The operator ideal A is called surjective if A sur = A. We can dualise 
the above ideas for surjective operator ideals as follows. 

To prove this theorem we shall use the following characterization of sur- 
jective operator ideals. 

Definition 3.4 An operator ideal A is said to have the quotiented domain 
property (QDP, for short) if for arbitrary Banach spaces X, Y and operator 
T G A(X,Y), we have T G A(X/Ker T,Y)is the kernel of T and T (X + 
Ker T) = Tx, for all x G x. 

Lemma 3.5 An operator ideal A is surjective if and only if it has quotiented 
domain property. 

Proof. It follows from [6j proposition 8.5.4] that a surjective operator ideal 
has the QDP. 

Conversely, assume that A has the QDP and for a pair of Banach spaces 
X and Y, let T G A sur (X,Y). Then T o q x g A(h(B x ),Y). Let Z = 
li(B x )/Ker(T o q x ). Let T : Z — > Y be the map corresponding to T o q x 
and let q : 1\{B X ) — > Z be the natural quotient map. Then T o q x = T o q, 
and we have T G F) for A has the QDP. For each x E X we set 

Vo(x) = g(a), where a; = q x (a). Now if = 0, then Tq x (a) = so that 

a G Ker{T o g x ). Thus Vb(0) = g(0) = 0. Therefore, ^ : ^ -> ^ is a well 
defined linear operator. Also, for any x G X we have 

||Vo(^)|| = W{||<?x(a)|| : a; = < in/{||a|| : x = q x {a)} = \\x\\. 

Thus V Q G B(X, Z). Now T o V (x) = T o g(a) = Tog x («)= T(x) for all 
x G X, so that T = T o Vo G -4.(X, K). Hence ^4 is surjective. A 

Theorem 3.6 IfAi and A2 are surjective operator ideals, then so is A10A2. 

Proof. Let X, Y be Banach spaces and T G (A l o A 2 ) sur (X 1 Y). Then 
Toq x g (^4i o,4. 2 ) F). Thus there is a Banach space Z and operators 
[/ G Ai(Z, Y) and 1/ G A 2 (h(B x ), Z) such that T o q x = U o V. Let gt; : 
Z — > Z/KerU be the natural quotient map and [To : Z/Ker U — > Y be the 
map corresponding to [/. Then, U = Uq o g^. Since ^4 has the QDP, we have 
C/q G A(Z/Ker U,Y). For x G X we set V (x) = quV(a), where x = q x (a). 
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Then, proceeding as in Lemma 3.5, we may obtain Vo G B(X, Z/KerU) and 
that Vq o q x = q v o V G A2(h(B x ), Z/KerU). Since A2 is surjective, we 
conclude further that Vo G A%(X, Z/KerU). Now for all x G X 

C/ o V Q (x) = U ( qu o V(«)) = U o V(a) =Tog x (a) = T(x), 

so that T = Uq o Vo G Ai o A2 (X, Y). Hence A± o A2 is surjective. A 

Remark Let A be a surjective operator ideal, then so are K o A and AoJC. 
In particular, ^4 com is surjective if .A is so. 

4 Extension and lifting properties for oper- 
ator ideals 

Let A\ and A2 be two operator ideals. Then by Theorem 3.3, Ax 713 o^4 2 m - ? is 
an injective operator ideal containing (Ai o „4 2 ) m - ? . Also it follows from the 
definition of injectivity, that A x inj o A 2 C (A o A) inj - Thus 

Ar j o „4 2 c (Ax o AH c 4 nj ° ^2 ni - 

In particular, when A2 is injective, we have 

(A 1 oA2) inj = A l inj oA2. 

Next, we propose a condition on A\ for which (Ai o A2) m '- 1 = Ai tnj o A2 lnj ■ 

Definition 4.1 An operator ideal (A, a) is said to have the loo-extension 
property if for a Banach spaces X , a set T and an operator T G A(X, l^T)), 
there is an operator T G A(loc(Bx*), fcoCO) such that T = T o i X) with 
a(T) = a(T), where i x : X > loo(B x *) is the Alouglu embedding. 

Since /oo(T) spaces are injective, the ideals B and K of all bounded and all 
compact operators respectively, have the /^-extension property. Since /^(r) 
has the approximation property, T(X, ioo(T)) = /C(X, /^(r)) for all Banach 
spaces X. It follows that T has the /^-extension property. The ideal X p of 
p-integral operators for 1 < p < 00 has this property. In fact, these operator 
ideals enjoy a much stronger extension property [2j Proposition 6.12]. As for 
the operator ideals U p , H p (X, Y) coincides with I p (X, Y) if Y is an Zoo-space. 
It follows that LTp also enjoys the l^- extension property. 
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Theorem 4.2 Let A± and A 2 be two operator ideals. If A\ has the l^- 

extension property, or if A2 is injective, then 

(A 1 oA 2 ) in:i = A 1 mj oA 2 mj . 

Proof. Let X and Y be Banach spaces and let T G A x inj o A 2 inj (X,Y). 
Then there is a Banach space Z and operators [/ G Ai nj (Z, Y) and V G 
A 2 mj (X, Z) such that T — U oV . \i A\ has the Zoo-extension property, then 
there is an U G Ai(Ioo(Bz*),Ioo(By*)) such that i Y o U — U oi z . Thus we 
have 

i y oT = i y o[/oy = ^oi z oy = [/o1/, 

where V = i z o V G A 2 (X, l^Bz*). It follows that T G ^i" tj o A 2 inj (X, Y). 
The remaining part of the proof follows from the above discussion. A 

Proposition 4.3 If Ai and A 2 are two operators ideals both having the loo- 
extension property, then so has A\ o A 2 . 

Proof. Let X be a Banach space, T a set and consider the operator T G 
Ai o A 2 (X, /oo(r)). Then there is are a Banach space Y and operators U G 
Ai(Y, Zoo(r)) and V G ^) such that T = UoV i Since both ^ and A 2 

have the /oo-extension property, U has an extension U G *4.i(/oo(-By*)> ^°o(T)) 
and iyoF has an extension V G A 2 {loo{Bx*), loo(By*)- Thus, U o V o i x — 
Uoi Y oV = UoV. Hence, U o V G Ai o A 2 extends T. A 
Let A\ and A 2 be two operator ideals. It follows by Theorem 3.6 that 

A x o A s 2 ur C (^1 o A 2 ) sur C A{ ur o A s 2 ur . 

In particular, if ^4 is surjective then (Ai o A 2 ) sur = Ai o A 2 ur . We propose, 
once more, a condition on A 2 such that (Ai o ^4 2 ) sur = o ^4| Mr . 

Definition 4.4 ^4n operator ideal (A, a) is said to have the l\-lifting property 
if for any set T, a Banach space Y and an operator T G ^4(/i(r), Y), there is 
an T G (h(T), li(B Y )) such that q Y o T = k y oT, with a(T) = a{T), where 
k y : Y Y** is the canonical embedding and q Y : Zi(-By) — >■ Y is the natural 
quotient map. 

The lifting property of Zi(r) ensures that both the operator ideals B and JC 
have the /i-lifting property. Since the Z*(r) has the approximation property, 
J r (/ 1 (r), Y) = /C(Zi(r), F) for all Banach spaces Y, it follows that J 7 has the 
/i-lifting property. Using the /oo-extension property of n p it is easy to verify 
that ILj ua ' also has the /i-lifting property. Dualising the proof of Theorem 
4.2, we can prove the following. 
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Theorem 4.5 Let Ai and A2 be two operator ideals. If Ai is surjective, or 
if A2 has the li-lifting property, then 

(A 1 oA 2 ) sur = Ar r oA 2 sur . 

Proposition 4.6 If A\ and A2 are two operators ideals both having the l\- 
lifting property, then so has A\ o A 2 - 

Proof. Let Y be a Banach space, V a set and T G A\ o ^4 2 (Zi(r), Y). 
Then, there is a Banach space Z and operators U G Ai(X,Y) and V G 
A2{h(T),Z) such that T — U o V . Since, A2 has the Zi-lifting property, 
there is an operator V G A2(h(X),h(B z )) such that V — qz o V. Next, 
U o q z g Ai(li(B z ), Y) and A\ has the Zi-lifting property. Thus there exists 
an operator U G Ai(l\(B z ), li(B Y )) such that U o q z = q Y o U . Thus 

T = UoV = Uoq z oV = q Y oUoV. 

Now, C/ o V G ^4.1 o ^4 2 (^i(r), h(B Y )), so that we may conclude that A\ o ^4 2 
has the /i-lifting property. A 

Now we investigate the duality relationship between the /^-extension and 
the /i-lifting properties. To begin with we prove two lemmas. 

Lemma 4.7 Let X be a Banach space, Y a set and T G A(X, /^(r)). Then 
the following are equivalent: 

(a) For any Banach space Y , any isometry I : X — >■ Y and e > 0, there 
is at G A(Y, Zoo(r)) a(T) < (1 + e)a(T) snc/i too* T — T o I. 

(b) For some set Q, and isometry io : X — >• Z<x>(^) e > ; t/iere zs a 
T G ^(Zoo(fi), Z«>(r)) with a(f) < (1 + e)a(T) snc/i too* T = T oi . 

Proof. It suffices to show that (6) =>- (a). Let / : X — > Y be any isometry. 
Consider the canonical embedding i x ■ X ^ l oc (B x *). Since loo(B x *) has 
the extension property, there is a bounded operator i x '■ Y — » loo{B x *) with 
ll^xll < (1 + e /4) such that i x = i x o I. Now by (b), T has an extension T : 
loo{B x *) ->■ Zoo(r) with a(T ) < (1 + e/4)a(T) such that T = T oi x =foI 
where f = T o i x e A(Y, Zoo(r)). A 

Lemma 4.8 Lei F Banach space, T a set and T G A(li(T),Y). Then 
the following are equivalent: 
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(a) For any Banach space X, metric quotient Q : X — >■ Y and e > ; 
there is at G ^((Zi(r), Y) with a{f) < (1 + e)a{T) such that T = Q o f 

(b) For some set Q, a metric quotient q : Zi(fi) — > Y and e > 0, there is 
a T G A(h(T), h(Q)) with a(T ) < (1 + e)a{T) such that T = q o T Q . 

Proof. It suffices to prove that (b) =>- (a). Let Q : X — > Y be any metric 
quotient. Consider the natural metric quotient qx '■ h(Bx) — > X. Since 
h(Bx) has the lifting property, there is a bounded operator qx '■ h(Bx) —> Y 
with \\qx\\ < 1 + e/4 such that qx = Q° Qx- Now by (b), T has a lifting 
T : A(h(T), k{B x )) with a(T ) < (l+e/4)a(T) such that T = q x oT Q = Qof 
wheref = q x oT eA(h(T),X)). A 

Remark Since ^l(X,/ 00 (r)) = A inj (X, l^F)) = A re9 (X, l^T)), we con- 
clude that A has the /^-extension property if and only if A m ^ has the Zoo- 
extension property if and only if ^4 re9 has the /oo-extension property. Dually, 
since A(h(T),Y) = A sur (h(T),Y), we may further conclude that A has the 
/i-lifting property if and only of so does A sur . However, we are not aware of 
the dual situation for the case of the regular hull. 

Theorem 4.9 If A has the loo-extension property, then A dual has the l±- 
lifting property. If A C A dual dual ( or equivalently, j[ dual dual = A reg ) ), then 
the converse also holds 

Proof. Let Y be a Banach space, T a set and T G A dual (h(r), Y). Then 
T* G A(Y*, Zoo(r)). Since A has the /oo-extension property, there is an 
So G A(Ioo(By*), Zoo(r)) such that T* = S o q Y . Consider he adjoint Sq : 
h(ry* -> h{B Y ,y of S , and put f = P h{Bx) o S* o Kjl(r) . Then f* = S , 
so that f G A dual (h(T), h{B Y *)), and we have T = q Y of. Hence has 
the /i-lifting property. 

Conversely, let .4 C A dual dual and let A dual have the Zi-lifting property. 
For a Banach space X and a set T, let T G „4(X,Zoo(T)) C ^^(X, ^(r)). 
Then T* G / Mi (Ii(r)",r), so that T* o «, l(r) G ^ Mai (/i(r), X*). Since 
^d«a/ has the /^lifting property, there is a S G ^ Ma '(/i(r), l^Bx*)) such 
that T* o K/^r) = g x o S. Thus 

r = K /*i(r) ° ^oo(r) ° T = /c* i(r) o T** 0^ = ^*0 °fii = S *o i x . 

Thus, Sq G A(loo(Bx*), Zoo(r)). Hence .4. has the /oo-extension property. A 
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Theorem 4.10 Let A C A dual dual (or equivalently, A dual dual = A re9 ). 
Then, A has the ^-lifting property if and only if A dual has the l^-extension 
property. 

Proof. First assume that A has the Zi-lifting property. For a Banach space 
X and a set T, let T G A^iXJ^T)). Then T* G A(h(T)**,X*) so that 
T* o Khp) G A(li(T),X*). Since A has the /i-lifting property, there is an 
So G A(li(T), li(Bx*)) such that T* o K/ 1 (r) = <?x* ° So- Then 

^ = K i { r) ° ^oo(r) ° T = /c z * (r) o T** o k x = 5* o q* x , o k x = Sq o i x , 

for «i*(r) = P ioo(T), Pioo(T) ° Kioo(r) = 4o(r) and q* x , o k x = i x . Put S * = 
f. Since S G A(h(r), U#x*)) C ^ ^(Z^r), Z^.)), we get f G 
^*^(Zoo(-Bx*)>ko( r ))- Thus ,4^ has the /^-extension property. 

Conversely, assume that A dual has the Zoo-extension property. Then 
by Theorem 4.9, A dual dual has the Zi-lifting property. Let T G 
A(h(T),h(B Y )) C A dual <fual (Zi(r),Zi(Sy)), such that T = q Y of. Now 
f ** G ^4(Zi(r)**, Zi(fly)**) so that f = P Jl(Bx) o Kjl(Bx) o f = P h{Bx) o f ** o 
/t/^r) G ^.(Zi(r), Zi(-By)). Therefore, A has the Zi-lifting property. A 

5 Compact kernels of injective and surjective 
operator ideals 

In this section we record the interplay of the kernel procedure 'com ' with the 
hull procedures 'inj' and 'sur\ The last two sections of preparation leads us 
to several observations. 

Proposition 5.1 Let A be an operator ideal. The following are in order 
(1) Since JC is injective, we have 

(A o lC) inj = A inj o JC. 

[Theorem 3.3] 

(f) If A has the I ^-extension property, then in view of JC = T m3 , we 
have 

A inj oJC= (AoT) inj . 

[Theorem \.2] 
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(2) Since JC is injective and also has the loo-extension property, we have 

KoA m] = {JCoA) inj . 

[Theorem 4-2] 

(2 1 ) In particular, since JC = J- ' mjf and T has the loo-extension property, 
we have 

K, o A inj = 7 mj o A inj = (To A) inj . 

(3) It follows from 1 and 2 above, that 

(3f) If A has the loo-extension property, then by 1' and 2 1 above, we have 
[A in3 ) com = Ko(Ao Ty nj = (ToAo T) inj = (A min ) inj . 

Remarks 1. Since X has the Zgo-extension property for 1 < p < oo, Propo- 
sition 19.2.16 in [0] follows from Proposition 5.1(3') above. Also, note that 
for the operator ideal JC p defined in [7], by Proposition 5.1(1) above, we have 
Kf al = Il p o K = T p nj o K = (1 P o K) inj = Af; nj = QM P , where QM V is the 
operator ideal of p-quasi nuclear operators. 

2. Since n p is a left accessible injective operator ideal with the Zoo- 
extension property rip nai is surjective, and by Theorem 4.9 it also has the 
Zi-lifting property. Thus the results (J[ p min ) in i = Kf al = Il p o JC and 
((n p duaJ ) mifl ) w = Kf al dual = K. o U p dual for 1 < p < oo, obtained in |H] 
provide us specific examples of situations as clarified by the above proposi- 
tion. Also note that in the limiting case £>o/C = /Coi3 = /C holds trivially 
and also we have {B min ) in i = T nj = K. = (B min ) sur = T sur . 

Proposition 5.2 Let A be an operator ideal. The following are in order 
(1) Since JC is surjective, we have 

(JC o A) sur = fCo A sur . 

[Theorem 3.6] 

(?) If A has the l\-lifting property, then we have 

KoA sur = {ToA) sur . 

[Theorem 4-5] 
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(2) Since JC is surjective and also has the l\-lifting property, we have 

A sur oJC = (AoK) sur . 

[Theorem 4-5] 

(2 ') In particular, since JC = T sur and T has the h-lifting property, we 
have 

A sur o?c = A sur o 7 sur = (A o T) sur . 

(3) It follows from 1 and 2 above, that 

^A COm y sUr ^J^suryom 

(3 1 ) If A has the li-lifting property, then by 1' and 2! above, we have 

^jsuryom = ( y Q A yur Q £ = (y o A O T) sur = (^ min ) SMr . 

Let us rewrite the above results for accessible operator ideals. 
Corollary 5.3 Let A be an operator ideal. Then 
(ai)If A is left accessible, then 

tj^comynj _ / j^rninynj _ j£ Q j^inj 

(da) If A is right accessible and also has the loo-extension property, then 
we have 

^j^comynj _ ^j^minynj _ j^inj Q 

(b\)If A is right accessible, then 

(v4 COm ) SUr ^J^rninyur A SW ' O JC 

(hi) If A is left accessible and also has the l\-lifting property, then we 
have 

^j^comyur Ij^minyur JC O A SUr 

Proof. Since A is left accessible, To A = A mm C A com . Then by Proposition 
5.1(2'), we have 

K o A inj = (To A) inj = (A min ) inj c (A com ) inj . 

Since A com C K o A C JC o A inj and since JC o A inj is injective, (a x ) follows. 
Dualising the arguments (bi) also follows. The remaining statements (a2) 
and (b2) follow directly from Propositions 5.1(c') and 5.2(c') respectively. A 

The case of the injective-surjective hull is much simpler as we see now. 
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Proposition 5.4 (A com ) inj sur = (A min ) inj 

Proof. Let T E (A com ) inj sur (X, Y), for any Banach spaces A and Y. Then 
%y o Tgx £ -4 com (-^i(-Bx), ^oo(-By*)). Thus there are Banach spaces Z and 
W and operators V E K(l x (B x ), Z), U E K(W, loc{B Y *)) and S E A{Z,W) 
such that i Y o T o q x = U o S o V. Since the Banach spaces (h(Bx))* and 
Ico{By*) have the approximation property, we obtain V E ^(li^Bx), Z) and 
U E J- '. Thus iy oT o q x E (Jo^.o J r )(/ 1 (5x), ^oo(-By*)) anc l consequently, 
T E (A min ) inj sur . Hence (A com ) inj sur C (A min ) inj sur . As ^l mi " C ^l com , the 
result follows. A 



6 Approximating A o /C and AC o ^4 by finite 
rank operators 

A Banach space X is said to have the approximation property if given a 
compact set K C A and an e > 0, there is a finite rank operator T on A 
such that \\Tx — x\\ < e, for all x E K. Recall that Grothendieck [3] showed 
that the following statements are equivalent: 

(1) The Banach space X has the approximation property. 

(2) For every Banach space Y , the finite rank operators ^(Y, A) is dense 
in B(Y, A) in the topology of uniform convergence on compact sets. 

(3) For every Banach space Y , the finite rank operators F{X, Y) is dense 
in £>(A, Y) in the topology of uniform convergence on compact sets. 

(4) For every Banach space Y , the finite rank operators ^(Y, A) is dense 
in compact operators JC(Y,X) in the operator norm. 

For the approximation property in the dual of a Banach space we have jH 
Theorem I.e. 5] 

(5) The dual A* of a Banach space X has the approximation property if 
and only if for every Banach space Y , the finite rank operators ^(X, Y) is 
dense in compact operators /C(A, Y) in the operator norm. 

The authors in [7., Definitions 2.1, 2.2 and 6.1 ] introduced the notions 
of a p-compact set, a p-compact operator and the corresponding notion of 
the p-approximation property, which is to approximate the identity operator 
by finite rank operators on p-compact sets. However, the ^-approximation 
property is equivalent to the density of finite rank operators in the ideal 
of p-compact operators K, p in a norm weaker than the ideal norm of )C P 
[3 Theorem 6.3]. Thus a prototype of the above equivalence (1)^(4), for 
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1 < p < oo, could not be achieved. Later, the authors [El Definition 4.4], 
taking a que from (2) above, introduced another notion, namely, the approx- 
imation property of type p, for 1 < p < oo, in terms of a locally convex 
topology X p on the operator ideal n p . It was proved [H Theorems 4.5 and 
4.6] that both (2)<^>(4) and (5) of the above list have suitable prototypes for 
the approximation property of type p. To be precise, a Banach space X has 
the approximation property of type p if and only if the finite rank operators 
are dense in K,p Ual (Y, X) for all Banach spaces Y, and the dual space X* has 
the approximation property of type p if and only if the finite rank operators 
are dense in K^" 1 dual (X,Y) for all Banach spaces Y. In what follows, we 
seek to reinvent the later for a general operator ideal, and in particular, for 
injective and surjective operator ideals. 

First, we record an observation due to Grothendieck, that is essentially 
contained in his proof of the several equivalent formulations of the approxi- 
mation property (U Theorem I.e. 4 (4) =>- (1)]. 

Lemma 6.1 Let (X, ||.||) be a Banach space and K be a compact subset 
of X. Then there is a Banach space (Y, ||.||o) be formally contained in X 
such that the formal identity map iy '■ Y — >■ X is a compact operator with 
K C iy(BallY) . Furthermore, given a continuous function g on Y and 
e > 0, there exists an f G X* such that 

\f{y) ~ 9{y)\ < e, for all y G i Y {BallY). 

Next, again in the spirit of (2) above, we define a locally convex topology 
on A(X, Y) for an operator ideal A followed by a corresponding approxima- 
tion property in the following manner. 

Definition 6.2 Let A be a operator ideal. For Banach spaces X , Y and a 
compact set K C X we define a seminorm \\-\\k on A(X, Y) given by 

\\T\\k = inf{a K (T o i z ) : i z : Z — > X as above}, 

where a K {T) = inf{a(T 1 )||T 2 || : T = TioT 2 G AoK.} is the usual composition 
norm on AoK,. Then the family of seminorms : K C X is compact} 

defines a locally convex topology on Ao )C(X,Y). 

Definition 6.3 Let A be a operator ideal. A Banach spaces X is said to 
have the A- approximation property (A-a.p., for short) if for every Banach 
space Y , FiY^X) is dense in A(Y,X) in the X^-topology. 
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Note that for the operator ideal £>, the topology is the topology on 
B{X, F) of uniform convergence on compact sets of X. Recently, the authors 
[U Definition 4.3] have defined for each 1 < p < oo, a locally convex topology 
X p on U P (X, F). In terms of the Definition 6.2 above this is the Hp-topology 
on U p (X, Y). A Banach space X is said to have the approximation property 
of type p [Bl Definition 4.4] if for any Banach space Y, the finite rank oper- 
ators T(Y, X) is dense in H p (Y,X) in the A p -topology. Thus in terms of the 
Definition 6.3 above this is the U p - approximation property on X. 

Now, we characterise the .4.- approximation property in terms of the den- 
sity of finite rank operators J 7 in A o /C in its composition operator norm 

Theorem 6.4 Let A be an operator ideal. A Banach space X has the A- 
approximation property if and only if for every Banach space Y , we have 

AoK{Y,X) C F(Y,Xf K . 

Proof. Let T G A o K.(Y, X) and e > 0. Consider a factorisation T = Ti o T 2 
where T\ G A(G, X) and T 2 G K.(Y,G) for some Banach space G. Set 
K = T 2 (BallY). Since X has the ^4-a.p., there is a Sq G ^{G^X) such that 

HTx-Soll <e/||T 2 ||. 

Furthermore, as in the above Lemma 6.1, we can find a Banach space Z 
formally contained in G such that iz '■ Z — > G is compact and we have 

a K ((T 1 -S )oi z ) <e/||T 2 ||. 

Since izik) = k for all k G K = T 2 (BallY), we get iz ° T 2 = T 2 . Set 
S = S o T 2 . Then S G ^(Y, X) and we have 

a K (T - S) = Oi K (T\ o T 2 - S o T 2 ) < « K ((Ti - So)^)!!^)! < e. 

Conversely, let T G A(Y, X), K C F a compact set and e > 0. By Lemma 
6.1, there is a Banach space Z formally contained in F such that iz '■ Z — > Y 
is compact and K C iz(BallZ). Then Toi z <E AoJC(Z, X) so that there is an 

51 G ^(ZjX) such that a K (Toi z — Si) < e/2. Consider a factorisation Si = 

5 2 o S3 for some operators S 2 G J-(G,X), S3 G J-(Z,G) and some Banach 
space G. Choose S 4 G T{Z,G) such that ||S 3 — S 4 || < e/4a K (S 2 ). Let S 4 ~ 
Ef=i fi ® ^i, with /1, / 2) • - • / n G and Xi, x 2 , • • • £ n G G. Again by Lemma 
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6.1, given 5 > we can find gi, g 2 , •••(?„ G F* such that \fi(z) — gi(z)\ < 5 
for all z G BallZ. Indeed, we may choose 5 = e/4na K (5 2 ) max!<j< n \\xi\\ 
such that || 54 — 5'|| < e/4a K (5 2 ), where 5' = Y%=i 9% • iz ® x %- Set S" = 
T,7=i9i ® &i so that S" G 7"(y, G) and S' = S" ■ i z . Thus 5 = 5 2 • 5" G 
and 

a K ((T - S) -i z < a K (T ■ i z - Si) + a K (5 x - 5 2 • 5" ■ z z ) 

<e/2 + a K (5 2 - 5 3 - 5 2 - 5') 

< e /2 + a K (5 2 )||5 3 -5'|| 

< e/2 + a K (5 2 ){||5 3 - 5 4 || + ||5 4 - 5'||} < e. 

It follows that \\T — S\\k < a K ((T — 5) -i^) < e, so that X has the ^4-a.p. A 

It was proved by the authors [H Theorem 4.5] that a Banach space X has 
the approximation property of type p if and only if for every Banach space 
Y, the finite rank operators J-"(Y, X) is dense in the composition operator 
ideal U p ■ K.(Y,X) in its factorisation norm ir p . Thus, Theorem 4.5 in [S] is 
a special case of Theorem 6.4 above, for the operator ideal n p . 

Theorem 6.5 Let A be an operator ideal and X a Banach space. If the dual 
space X* has the A- approximation property then for every Banach space Y 
we have 

K ■ A dual (X, Y) c JpC, YY a \ 

The converse holds if, in addition, A C A dual dual (equivalently, A dual dual = 
A re9 ). 

Proof. Let X* have the „4-a.p. Then by Theorem 6.4 above, for every 
Banach space Y, we have 

AoJC(Y,X*) c F(Y,X*f K . 

It follows that A o )C(Y*,X*) C ~T(Y*, X*) a \ for all Banach spaces Y. Let 
T G K ■ A dual (X, Y) and e > 0. Then there is a Banach space G and 
operators T x G K.(G,Y) and T 2 G A dual X, G) such that T = T x o T 2 . Then 
T* = T; o T* G A o K(Y*,X*) so that there is an 5 G F{Y\X*) with 
a K (T* - 5) < e. We may write T* - S = S x o 5 2 , where St G ^(Z, X*) and 
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5*2 G fC(Y*, Z) for some Banach space Z such that a (Si) < e and ||Si|| = 1. 
Now, S* G F{X**,Y) and 

K a d (T - S* o a x ) = K a d (T** oa x -S*o a x ) 

< K a d (T** - S*)\Wx\\) 

< \\S* 2 \\a d {Sl) 

= a**(5i) < a(5i) < e, 

where ax '■ X — > X** is the canonical embedding. 

Conversely, let A be an operator ideal satisfying A C A dual dual , T G 
A o K.(Y,X*) and e > 0. Then there is a Banach space G and operators 
Ti G and T 2 G /C(F,G) such that T = 7\ o T 2 . It follows that 

T* G /Co „4 dua '(X**,F*), so that T* o ct x G /C o .A dua '(X, F*), and by our 
assumption there is an 5 G ^(X, F*) such that K a d (T* o o~x — S) < e. 
Now we can choose a Banach space Z and operators Si G /C(Z, F*) an 
S 2 G A dual (X,Z) such that T* o cr x - S = S x o S 2 with ||Si|| = 1 and 
a d (S 2 ) < e. Thus 5* G J(F**,X*) and we have 

a K (T - S* o cr y ) = a«(er£T** o cy - S*a Y ) 

= a K (S 2 * o SJ o a Y ) 

< a{Sl)\\Sl\\hy\\ 
= a d (S 2 ) < e. 

It follows that X* has the .A-a.p. A 
The authors in [U Theorem 4.6] have shown that the dual X* of a Banach 

space X has the approximation property of type p if and only if JF(X, F) is 

dense in K.-U dual (X, F) in its composition ideal norm for all Banach spacesF. 

Thus, Theorem 4.6 in [8] is a special case of Theorem 6.5 above. 

Finally, at the end we discuss certain special cases of the *4.-a.p. for injec- 

tive and surjective operator ideals A with ^-extension or ^-lifting property. 

Corollary 6.6 Let A be a injective operator ideal with the loo-extension 
property and X a Banach space. Then we have the following: 

(a) X has the A- approximation property if and only if 

(A min ) inj (Y,X) = A rnm {Y,X), 
for all Banach spaces Y . 
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(b) The dual space X* has the A- approximation property if and only if 

for all Banach spaces Y . 

Proof, (a) Since A is injective, it is right accessible and it also has the ioo- 
extension property. Thus, by Corollary 5.3(02) we have (A mm ) in i = A m i o 
K, = AoK. By Theorem 6.4, X has the A-a.p. if and only if A min (Y, X) is 
dense in A o )C(Y, X) for all Banach spaces Y. Thus X has the *4-a.p. if and 
only if (A min ) mj (Y, X) = A min (Y,X), for all Banach spaces Y. 

(b) Since A dwal is surjective, it is left asseccible and by Theorem 4.9 
it also has the £i-lifting property. Thus by Corollary 5.3(62) we have 
^ A duai^minyur = ^duaijmin_ NoW; by Theorem 6.5 , X* has the i-a.p. 

if and only if (A dual ) min (X,Y) is dense in K o A dual (X,Y) for all Banach 
spaces Y. Thus X* has the A-a.p. if and only if ^A dual ) min ) sur (X } Y) = 
(A dual ) min (X } Y), for all Banach spaces Y. A 
Again note that since n p is injective and has the ^-extension property, 
Theorems 4.5 and 4.6 in [S] are special cases of the above corollary. Let us 
also note here that we do not know whether there is an injective operator 
ideal that fails the £oo-extension property. 

Corollary 6.7 Let A be a right accessible surjective operator ideal and X be 
a Banach space. Then we have the following: 

(a) X has the A- approximation property if and only if 

(A min ) sur (Y,X) =A rnm (Y,X), 
for all Banach spaces Y . 

(b) The dual space X* has the A- approximation property if and only if 

((v4^ n<I ') r ™ n )* n *' (A Y) ^^dual^min Y^ 

for all Banach spaces Y . 

Proof, (a) By Corollary 5.3(&i), we have (A min ) sur = Ao)C. Now it follows 
by Theorem 6.4 that X has the A-a.p. if and only if (A min ) sur (Y, X) = 
A min (Y, X), for all Banach spaces Y. 

(b) Since A dual is injective, by Corollary 5.3(a!), we have ^j\ dual ^ min y n i — 
K, o A dual . Now it follows by Theorem 6.5 that X* has the ^4-a.p. if and only 
if ((A dual ) mSn ) inj (X, Y) = (A ducd ) min (X, Y), for all Banach spaces Y. A 
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